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rea3ii*g iixficalriss is aathecatics «ay stes sore 
from the absxxact aad highly symbolic mture of the subject thaa frof 
irability to recognize or co»preiiejid the nords. A revieM <?f Maget^s 
Bcdei of' cognitive developaatt suggests that aany seemingly sijiple 
aatseaatical terms assume cognitive processes ¥hicii aay Bot be 
available to aai:y secoiidary school stuaents* Preliminary research 
with tenth-tsrctigh-rwelftk grade students lias supported this 
analysis, xn order to overcome the resultant reading problems in 
aatheaatics, teachers must provide students with a broader set of 
experiences, cenr:ered on the lifxicult concepts^ in crder to generate 
deeper and more specific meanings for the wor^s causing difficulty. 
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literc are ziany aspects to reading. Asoagst them are the foiloving: 

- ^ord recognieion 

- vocalwing the vord Coral reading) 

- understanding individual words 

- understanding groups of yords 

- understanding sentences and grdups of sentences 

- re^tei^ering 

It is with the understanding part that this paper deals. I contend 
that a student may "know" or way "recognize" or "understand" Indivi- 
dual words and be able to "vocalize" words yet not cotq^rehend what a 
group of words or the sentence(s) is saying. We aiay apply a word 
recognition test, a vocabulary test or soeie other tests to a jiathecia- 
tics passage and the results My indicate the residing level is very 
low - at least two or three years below the grade level (age level) of 
the students for which the book is designed* In vany instances the 
students nay be reading in other content fields at a such higher read* 
ing level. Yet in the mathematics content area these students aiay just 
not be able to get the meaning fron the passage, the question of course 
is WHY? 



Vhy aight a student who is resdlhs at a level consistent wjfth his arc 
la literature, social studies, etc. not read at a comparable level in 
nathecatics - at least in sathenatical Material which by amny tests nay 
be rated comparable to or lower than that of the student's level? There 
are a nucsoer of xeasmis which I vill present. I'll pass quickly over a 
number so that I can go into s<wie depth and specifics on <Mie that cuts 
across isany of the others. ^ . 

Mathejsatlcs passages often (1)* 
1- are conceptually packed 

2. have a high content dciisity factor 

3. require other eye noveiaen ts than left to right (requires 
vertical noveMnt, regressive eye aovecent, circular eye 
:aove2seht, f ro« word to chart to word sovenent) 

A. requires a rate adjust»ent 

5. requires s»iltiple readings (to grasp the toital idea, to 
note the sequence or order, to relate two or »6re signifl- 
cdhC ideas, to find key question, to deteraine the opera- - 
tion or process necessary, to conceptualize or generalize) 

6. use symbolic devices such as graphs, charts, dlagraiis, and 
aaathenatical sy»bpls 

1. ' are heavily laden with its own technical language which is 
very precisfe^^ . Often cocitaon words are used with special 
exact neaning^ e.g. function.. 

Hie reason with whicK^ this paper deals is: 

Mathematics Is an abstract subjects It is usually presented in a very 
synboiic and\.generallzed form. Its language is highly specific. Read- 
ing in inathenatics often requires a higher level of cognitive and con- 
ceptual development than the students have achieved. 

In order to put this all in a logical f raniework a iiiodel of cognitive - 
development Is necessary. 1 shall use a modified Plaget nodel* 



Cl)* Niijserals In brackets indicate the references at the end of 
the article* 
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2top6ncnts oi Fia^ec generally agree that a child, la developing a 
cmccpt, goes through certain stages. Hiese stages are not discreet 
but rather blend or sield into one another to iorm a contimitsi* 
Nov about the stages: 

1. lite 4>rder of the stages is fixed. 

2. The rate of progression through the stages Is 

not f Ixed nor can they-be tied to-^any -chrono-— — 

logical ages, ^ere this Is done - it is only 
for referencing* 

3. The soveoent along the continuiM can be altered 
by certain factors - teaching envirocment. 
Maturation^ etc* 

Now for laoire details r 

Different authorities give different naaes for the stagey and often 
break the continuua Into different stages. A general breakdown lists 

these four stages: 

1. S£!30RI T- MOTOR ST/^£ (Frosi 0 to 2 years) 

- ^reverbal - though language does start to develop 

- direct notor action 

- begins to learn to coordinate perceptive and Motor 
' functions - see thing with reference to what they 

do with It 

2. PH£OP£RAtlO!UL STAGE - (2 to 7 years) 

- objects take "on qualitative features 

- pemaneiit 

- non penxanen t 

- tends to ego^centuism 

- tendency to sec things from one point of 
^Jew - his own 

^ tendency to see one feature (elation) to 
_the exclMston of others ^ „^ 



CTiSCHETC OFEKATIom StACE (7 to 12 years) 

- Plagct describes operation as a jsencal act - an Inter- 
nalized action. 

Hie concrete aspect: cocses froe the fact titat the 
actions (siehtal or internalized) had their starting 
point as sotse real syst^ of objects and relations - 
that the person could see^ feel^ hear, etc. (senses) 
or could ijiaglne. 

Concrete - in the sense it's real - involves no assuaptions 

- Hie child can nov focus on 9ore than one attribute 
4t a tine - tvo» then aaybe j^ultiplc ones 

. begins to see other person's point of view 

This is the stage where the classic operations are developed 

- cboiblna tivl ty 

- reversibility 

- coMutativlty 
identity 

- associativity 

For example: 

The operation of conservation is not a unitary develojpiient« 
Conservation of discreet quantities - (huniber) develojps 
before continuous quantity (substance) 
f^onscrvatipn of weight (force of gravity) and of volume 
(space occupied) follow in that order* 



Fia^L om-hriOl^ m onvard) 

^ characterise by lull, logical chinking 
- can now deal with staccrsents that are noc knovn or 
isupposed to be true - 

If*-., then 
either..-^, or 
either or both^... or 
.-i^-b, fa>c a>c 
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Lot Tce take so»e exassples 
rather the Banifestations 
Given a set of beads 

- Scnspri-Bjotor 

- Pireoperationai 

- Concrete operational 
^ Fdraal operational 



Another Exapple: 

Equivalent Rate Pairs 



2 
3 

23 
49 



D 

9 

s 

98 



b 



d 



X - 2 
X - 4 



of hof# concept vould develop - or 
of the developneht of a concept. 

- hit, throv 

- only present vhen seen 

- red, rounds thick ) one 

) feature 
yeliow, square, thin) at a time 

red and round and thin ) tvo or 

) pore at 

- yellow and round and thick) a ti«c 

- either the red or the square or 
the thick ones 

- neither the red nor the round ones 



or 



2 
3 



2c 
9 



(concrete) 



solve for x 



.olv./orr (,„™,i, 



i 
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2rd £xa3sple: 

An ideal car travels due east for 2 hours at 60 mph 
. Kecurns ac 30 apn 
Wnat is the average speed? 40 isph or 45 aph 



¥ou aU know tvo things; d - rt and r « d (concrete ) 

Y (generalization) 



average * susa 

No of nuaber 



(concrete ??) 



In Sucaarv 

Fiaget siaintains a child ssoves along a continuuit ^ the contlnuun 
representing the blending of the stages of developitent for each 

^ concept* 

While it is known that some students laay encer the fprnal operational 
stage at the age of 12 ^ many vill not do so until the late teens and 
some never vilX. XL has been reported f rca one piece of research that 
82% of the 8th and 9th grade students are still iii the concrete opera'r 
tional stage while 50% of the University freshman classes are still in 
the concrete generalisation stage (2). Yet many -of the mathematical 
terms are used as though every child is in the formal operation stage. 
So what does all this mean? If ;alli I have claimed is true, what do we 
do about it? 

I believe there are two things we must do: 

(1) diagnose more specifically the weaknesses than in the past 

(2) devise ways and means (a) to bring about greater cognitive 
developfnent (b) to build more word and word group associa- 
tions to facilitate greater cognitive development 

Let us look at ways of diagnosing weakness* I will deal with diagnosing 

the lack of interpretation of the printed symbol because of a lack of 

ry 
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co£nit:ive deveiopaent in the conceptual area represented by the symbols . 
We ^iil st^trc with two easy words: sofse, all 
Exanple 1 (3> 

Place in front of a student (age 5-^9) red squares and blue squares 
and circles. 




Ask the question: "Arc all the squares red?'* 

The reply typical of a 5-6 year old Is "No." When pressed the child may 
reply "No, because there are some red circles too." 

Let us consider extending thls^ Take the two statements: 

i)ogs arc anit^als (Squares; are rectangles) 

Ahissals are dogs? (Rectangles are squares) 

What do vit mean? In one case we ncan all dogs are ahifDals, and in- the 

other we ncan some animals are dogs. We expect children to make these 

subtle Interpretatiohs. 

Example 2 (A) 

Place Ih-frdfit b£ child drawings or photographs of geese, ducks and 
rabbits (I have changed this example from poodles^ dogs and horses, 
cows, sheep and cats, to geese, ducks and rabbits - since I can draw 
them better) 



Ask the students (a|;e 5-9) these questions: 

"Is every goose some kind of bird (^animal):?" "Why?" 
'*Are .ai geese some kind of bird (animal)?" "Why?" . 

Then 

"Is every bird (animal) some kind of goose?" "Why?" 
"Are all birds (animals) some kind of geese?" "Why?" 

-.Typical replies indicate that students realize geese aire birds and geese 
are animals . But they fail to realize that all birds (aninpals) arc not 
geese. Yet when pressed they will identify a bird (animal) that is not a 
goose. 

With older children similar situations xan be structured: 

is every triangle some kind of polygon? Why? 

Is every porlygon sone kind of triangle? Why? 

/ 

Is every natural number some kind of a rational number? Why? 
Is every rational nttmber some kind of natural number? ' Why? 



1^ 

The concept undti^rlyins the two words *some* and *ajLl* is that of in- 
elusion^ It is r.ot aa easy aathcoatical concept. It n ids to be 
developed over a lonu P^^riod of txac starting during the concrete opera- 
tional statc^ Consider the situation of the three geese, two ducks and 
four tabbxts. * 
Exafspli^ 3 (3) 

Place pictures of three geese, two ducks and four rabbits in front 

of the child- 

Then ask these questions: 

**Are there note geese or are there nore ducks?" "Wtiy?" 
**Are there r-ore geese cr are there nore birds?" "Why?" 
"Arc there r^orc geese or arc there ©ore aniinals?" "Why?"- 

Typical replies indicate that sorae students will not be able to accept the 
two classifications -r geese and birds. They reply - 

"There are laore geese because there are only two ducks*" 
Interviewer: "What did t ask you?" 
Student: "Are thcre^roore geese or more ducks?" 

Interviewer: "Arc there nore geese or are there more birds?" 
Student: "There are more geese because there are only two ducks." 
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Inclusion is reflected in matheraatics through the g rade s 
(a) 




Aro there nore 
squares or more 
rectangles in the 
set shown? 



Are there more 
naciirnl numbers 
or Porc rational 
iiMbets in the set 
fhown? 



1 1. 

Other vdrds ve use casually in satheisatics and expect students to auto-^ 
Mtically have a grasp of are those which indicate relationships. 
Exacple 4 (3) 

Each student is given these incomplete sentences and asked to 

conpiete thca (typical reply in brackets) 

Peter vent avay even though, .(he went to the country) 

It's not yet night even though.... (it's still day) 

The man fell from his bicycle because. «. .(he broke his am) 

Fcrnand lost his pen so. . . • (he found it again) 

I did an errand yesterday because. . ..(I went on ay bike) 

Instances where we use these terns in mat hematics are: 

is not ah answer even though S^^/^ 10 

answer because it is not a counting ninaber 

8 , is not an answer so we do not include it in the 
solution set 

We have a tendency in i:sathenatics to put simple words together into very 
difficult questions. 

Kxample 5 (5) ' , 

Each student is shown a sat of shapes consisting of large triangles^ 
circles and squares eac^ in red^ blue and green^ Small ones of each 
color and shape were aisc in the set. The shapes are lettered A to 



(Simpler versions can be given to younger children).. 




Questions asked are o£ this type: 

1. (a) tfrite the letters of all the shapes that are not circles 

(b) tfrite the letters of all the shapes that are not blue circles.. 

(c) Write the letters of all the shapes that ai^ not saaXl green 

circles. 

2. (a) Write the letters of all the shapes that are not both big 

and red* 

(b) Write the letters of all the shapes that are not both saall 
and green. 

3. (a) Write the letters of all the shapes that are neither big nor ' 

red. 

(b) Write the letters of all the shapes that are neither saall 
nor green* 

4* (a) Write the letters of all the mY^Bpes that are neither saall 
and red nor big and green. 

5. (a) Write the letters of all the shapes that are cot jrellov* 

■sr 

Our prelirainary research has indicated that uny students in high 
school had problems with the questions 3(a) and 4. Of one sanple of 
318 students only 21Z of the grade lO's, 34Z of the grade ll's and 
342 of the grade 12 's got all the questions correct* 
Hearly 80Z of the grade 10 's, 65% of the grade 11 's and 12 's had 
difficulty with question 4. Apparently students were unable to keep 
track of four attributes at one tiisie* 1 foelieye this is not a reading 
problem in the phy leal sense but rather a problem of lack of cognitive 
development to be able to properly respond to the written words* 



A final exaaple of staple words that contslo a difficult concept is 
the if.««.then.^.. sentences. Ve all knov that Micii of the logic 
underlying utheiatics hinges on this sentence structure* 
Exaiple 6 (5) 

A picture of two girls is shovn to the students. 




Jean Carpi 

The following stateaent is presented: 

"If Carol goes for a walk, then Jeaii always goes with her*" 
The following questions are asked: 

(a) Would it be possible for Carpi to go for a walk, and Jean 
to stay at home? 

(b) Would it be possible for Carol to go for a walk and for 
Jean to go for a walk? 

(c) Would it be possible for Carol to stay at heme and for 
Jean to stay at hone? 

(d) Would it be possible for Jean to go for a walk^ and for 
CnroJ to stay at home? 

(c) Would it be possible for Carol to stay at hoaie, and for Jean 
to go for a waik? 

Our test results indicate that many students in the secondary school 
have difficulty with questions c, d and e« They usually reply "Jean 
and Carol oust always go out for a walk together*'' 



So far in this paper I have only presented a sanpje of the problems 
connected with words. Ihere is the prohles of Intei^retinc sy^ols 
as veil. It is a cor^ound iKic, first the symhol needs to be trans- 
lated into words (a difficult enough task in itself) , second, the words 
need to be Intei^reted^ (s7iri>ol*-^word_>concept). ifahy students he- 
cone faiiiliar enough with syHbols to o«lt the word stage (sjidbpl--T> con- 
cept) but often in gaining this faniliarlty the word stage Is used. Many 
students do not progress to the sydbol^oAcept stage. 

Three instances with reference to syiAols will be illustrated. The 
first involves - (equals). Steffe, (6) points out that young children 

he worked with would write 3 4- 4 « 7 but would not write 7 « 3 + 4. 

The reason given by the children paraphrased here, is tluit equals always 

follows an operation - a doing. Is this built into our teaching or Is It 

inherent in the stages of a child's developinent? Ve are not certain. 

The second example involves basic cotk:epts of union and intersection of 

sets. 

. t2*3'4 ^ 12*^.51 - (2,3,4,5| 

Using a test devised by Bliss (5) we tested a sanple of high school stu- 
dents and found nany students had a cbvputational facility with union and 
intersection, yet did not have a usable conceptual understanding^^of^ the two. 
Finally, Collis (7) has indicated that ^ 

8 X 3 * 3 is of lower cognitive level than 7 ^ 4 « A- 7 

is of lower level than 4283 + 517 - 517 » ^ 
a 2a T i!i requires a coi^aratively high level of cognitive 

developtient. 

In supmary, 1 have presented a few samples which ^en^t-to indicate siiq>le 
words often tronvey high level concepts requiring high level cognitive 
developncnt. These sanples ^re only a few of the many we have. I have 



tried to point c^ut that there is a 4Jcfiiilte need to not only teach stu- 
dents vords but ve sust teach students the ideas being represented by 
the vords. mist noz assune that because a student does not perfom 
adequately in response to a p3^ssB%e in a Mthautics book that It is a 
reading; problen in the physical sense - it «iy be a cognitive develop- 
cient problen* 

I feel ve arc aaking progress In identifying the specific nature of 
309ie of the weaknesses (objective 1). Ve oust hov attack the second 
objective - that of indicating ways and iceans to overcoae the weaknesses. 
Vc have ideas hut at this point we have no expcriMntal results to back 
thc« up* For srfiat they are i#orth, let nc put forth a couple of ideas 
related to what X iiave been saying* 

I think ve imist find ways to build wofd--iBeahing associations and especial- 
ly word z^oups - iseanihg associations* Perhaps synbol groups - meaning 
associations will follow ^re naturally* 
Exaople 7 (8) 

Read: 8^ + b 

Four vays to read this are: 
2 

3\ii^ •'eight squared plus b" 

t S^ 4- b . "the square of eight plus b" 

C^^^-Jtr is added to the square of eight" 

g 4- "b Is added to eight squared" 

Many varied experiences will acre likely develop the prdjper associations 
than just using one of the four* 

A problen that sy?«br*Jn present is that a student may not be able to pro- 
nounce the vordCs) represented* There are no hints* lie can^t use the 
rules of his phonetics class* To establish a phoneiue-graphewc relation to 



one has to recall Che folloving nords as spoken ^by the (eacher: the 
integral of the function of x with respect to x. The student can at 
least read alotid tfie vord foni but may have no clue as to hdv to read 
the synboiic fors« Utilizins syabpls only when necessary or only after 
students have adequate facility vith the« vill aid the weak reader in 
watheutics. Drill in syabols is necessary. 

MatheMtics teachers^alon^ with others^llke to quote Lewis Carroll in 

Hi rough The Looking Class where Hui^>ty-Du^>ty says to Alice 'nihen I use 

a word it aeans just what I choose it to sean - neither sore nor less*** 

In aathciiatics words are used with special Beanin^s (we pay then extra - 

said HuKpty-Duapty) . These special Meanings often - though not always - 

are related to the coHion aeahing* Take the word "associative** as in 

The Associative Property. Ve can illustrate the relation this way: 

natheaatics example 

(8 + 9) + 3 ^ 8 + (9 4^ 3) Jerry and Harry joined Mary. 

Jerry joined Harry and Mary* 

To up^ we ladst provide students with a broader set of experiences 

centred abi>ut the concepts in which weaknesses in reading *are reflected. 

These broader experiences will provide for greater cognitive development 

in the conceptual area hence the words the students read vill have wore 

specific and deeper meanings ^ This aspect of teaching reading is iiore of 

a concern to the usathewatics teacher while the aechanics and other aspects 

of reading not mentioned here naybe of equal concern to both the teacher of 

mathematics and the teacher of reading, .-f ' 
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